Operability of offshore moored ships can be affected by low frequency wave loads. The low frequency motions of a moored ship may limit the uptime of an offshore structure such as an LNG offloading terminal. The wave loads that cause the main excitation of these low frequency motions are usually computed using second order wave drift theory for long crested waves, which assumes that the low frequency components are only related to waves coming from the same direction. In this method short crested seas are dealt with as a summation of long crested seas, but no interaction between the wave components traveling in different directions is usually taken into account. This paper describes the results of a study to the effect of 2nd order low frequency wave loads in directional seas. For this study the drift forces related to the interaction between waves coming from different directions is also included. This is done by computing the quadratic transfer functions (QTF) for all possible combinations of wave components (frequencies and directions). Time traces of drift forces are generated and compared to the results without wave directional interaction after which the motions of an LNG carrier are simulated. A sensitivity study is carried out towards the number of direction steps and the water depth. Finally the motions of an LNG carrier in shallow water (15m water depth) are simulated and mooring forces are compared for various amounts of wave spreading.
INTRODUCTION
The wave loads that cause the main excitation of the low frequency motions are usually computed using the low frequency part of second order wave drift theory for long crested waves, which assumes that the low frequency components are only related to waves coming from the same direction. In this method short crested seas are dealt with as a summation of long crested seas, but no interaction between the wave components traveling in different directions is taken into account. The most challenging part of computing the QTF is the term that is associated with the second order potential. The approximation as given by Pinkster [1] is implemented here for short crested seas. The time traces of drift forces are generated and compared to the results without wave directional interaction after which the motions of an LNG carrier are simulated. A sensitivity study is carried out towards the number of direction steps and the water depth. Finally the motions of an LNG carrier in shallow water (15m water depth) are simulated and mooring line forces are compared for various amounts of wave spreading. The results show a considerable differences between the mooring line loads that are computed with and without the directional interaction terms.
WAVE DRIFT FORCES

Second Order Wave Drift Force Theory
The 2 nd order wave drift theory as defined by Pinkster [1] and Faltinsen [2, 3, 4] is based on the expansion series of the wave forces as computed by potential theory. This work shows that the second order wave drift forces consist of 5 contributions: The total wave drift forces can be written as a sum of these five contributions as follows:
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The first four contributions are related to the quadratures of linear quantities. The fifth contribution relates to the low frequency forces induced by the second order wave potential, which is also referred to as setdown or bound-wave.
The velocity potential of the incoming second order low frequency bound wave that belongs to a bichromatic wave group can be described as function of the first order wave numbers, frequencies and the water depth as follows: The coefficient Aij is defined as:
The second order diffraction problem in fact needs to be solved for the setdown that is related to all first order wave potentials (and not just the incoming wave). The first order incoming, diffracted and radiated waves (and combinations) all carry their bound waves which need to be solved in the second order diffraction problem. This has been solved analytically by Faltinsen [3, 4] for 2D cylinders and beams. For 3D applications this can be solved by applying the second order boundary condition at the free surface by using Rankine type panels as for example shown in [5] . However, to avoid large computation times an approximation method is generally used for engineering purposes. Other methods to compute the second order drift loads wer presented by Molin [6] and Lighthill [7] . The approximation method that is used here was proposed by Pinkster [1] and is based on the geometrical similarity of the second order (bound) wave with respect to a first order (free) wave. The amplitude of the wave force for a first order diffraction solution for the same wave number is modified to estimate the wave forces that are related to the setdown of the incoming wave. In general each combination of 2 first order waves will carry a second order wave with wave number equal to ki-kj as described by the velocity potential above. When compared to formulation of the first order potential it can be shown that the fifth contribution to the drift forces can be approximated by:
In directional waves the principle for the F (2) approximation method is the same as described above for uni-directional waves. However, the difference wave number i j k k − in directional waves also depends on the relative wave direction between the two wave components k i and k j . Since the approximation is based on similitude of the wave length the frequency and direction in the first order diffraction database will be chosen based on the magnitude of the difference wave
For short crested waves the group wave number ki-kj is the result of the subtraction of the two vectors ki and kj:
The two incoming waves ki and kj will interfere and result in a directional wave group (and related bound wave), traveling in a different direction from the two first order waves.
This example shows that for a difference frequency of 0.05 rad/s and a difference angle of 20 deg the wave group (and associated setdown) will travel in the -67 deg direction. Table  2 shows the direction in which the wave group travels for combinations of 2 regular waves with a difference frequency of 0.05 rad/s. This table immediately shows that a small difference in the direction of two first order wave components leads to a very different direction for the bound second order wave. Note that this may lead to a directional setdown with a very short length (
becomes small for increasing relative wave angles) at low frequencies (ω i -ω j ), which requires short waves in the first order data base (up to omega= 5 rad/s, depending on frequency-and direction step) to use the described approximation method. For this paper the panel distribution shown in figure 1 was used. It is noted here that this mesh is too coarse to run the diffraction up to 5 rad/s, however it was decided to continue with this mesh to limit computation times.
The Quadratic Transfer Function (QTF)
The Quadratic Transfer Function in longitudinal waves describes the second order wave drift forces as a function of the squared incoming wave height, as follows:
The QTF describes the wave drift loads for each combination of two incoming regular waves i and j. Since the QTF ij is a complex number with real part P and imaginary part Q (i.e. QTF=P+iQ) it describes the force amplitude and phase with respect to the incoming wave group.
The five contributions to the drift forces are computed in frequency domain and the total drift force is stored as a QTF for each pair of incoming wave components ω i and ω j . The QTF can also be defined in directional seas by summing over the frequencies (i,j) and directions (k,l), as follows:
For the first four contributions the QTF in multidirectional waves can be obtained in a similar way as in longitudinal waves. The full QTF now becomes a function of ω ik , ω jl , where k and l indicate the direction in which the waves are traveling.
Mean Wave Drift Loads in spread waves
The resulting mean wave drift loads in directional seas are different when interaction terms are taken into account. De Kat [8] , Krokstad [9] , Kim & Yue [10] , Renaud et al. [11] all showed that wave drift forces in directional seas depend on the relative phase between the incident waves. The mean wave drift loads are related to the case where
For directionally spreaded waves the wave phases between two wave components are not the same ( )
which results in a contribution to the mean wave drift forces that depends on the relative phases for incoming waves of the same wave frequency. However, since the wave phases are random the difference between the phases ik jl ε ε − will also be random. If there are sufficient wave components in the summation of eq7 the average contribution of these should average to zero.
Verification of the Directional QTF
The Computed QTF for this work were verified for the LNG carrier that was used in the HAWAI-jip. The HAWAI-jip is a joint industry project that was carried out between 2005 and 2007 among 24 participants. The main topics that were investigated in this JIP are shallow water wave effects and their interaction with soft moored LNG carrier. The details of this LNG carrier are shown in table 1. In the HAWAI jip the directional QTF were computed in Hydrostar as described in [11] . This program also computes the directional QTF based on linear diffraction results and an approximation method for the second order potential contributions. Since QTF results were available from the JIP a comparison was made to verify the implementation for the present study. The author notes here that this is a verification step only. Final validation of these methods should be done against model tests or full scale measurements if possible, especially the approximation methods that are used for contribution 5. For the present work the QTF were computed using Diffrac for the 1 st order solution and Matlab tm for the described 2 nd order method. The panel distribution that was used is shown in figure  1 . As discussed above, the results were verified against the results from Hydrostar. An example of this verification is shown in figure 2 for long crested waves (left, Δdir=0deg) and directional waves for a relative wave direction of 10 deg (right, Δdir=10deg). In general the agreement is good. Small differences were observed which may be related to differences in the panel distribution and the computational method that was used.
Directional Spreading Function (DSF)
To generate irregular short crested waves a directional wave spectrum was used. A few examples of directional wave spectra are shown in figure 3 . These spectra were generated using the Jonswap formulation and a cos 2s Directional Spreading Function (DSF): This formulation is commonly used. An overview of available methods to describe and use the DSF is given by Benoit [12] .
Generation of Wave Force Time traces
The wave forces time traces were generated prior to the actual time domain simulations by applying eq6 (No-Multi-Dir) or eq7 (Multi Dir). To investigate the effect of the directional step in the discrete summation, the DSF was generated for a 10 deg, 5 deg, 2.5 deg and 1 deg step size. The directional wave spectra for a Tp=9s, Hs= 2m spectra are shown in figure 3 for an s value of 10 and 100 and a directional step of 5 deg. When the same spectra are made with a directional step of 10 deg the spectrum with s=100 consists only of 3 bins. The middle bin then contains 98% of all the wave energy. In practice the relatively course steps of 10 deg would almost result in a long crested sea for s=100. Therefore a maximum bin size should always be chosen relative to the spreading parameter s.
RESULTS
Effect of Directional Interaction on Motion Statistics
To investigate the effect of wave directionality to the LNG carrier response the motions were simulated in MARINs time domain simulation software aNySIM. This tool is a flexible program that can be used for simulation of typical multibody problems in offshore applications as shown in [13 and 14] The simulations were carried out in irregular seas with wave spreading parameters between 1 and 1E6.
The time to compute the full QTF for a 5 deg step was approximately 7 hours on a 1.6 Ghz processor. The time to carry out a 9 hr time domain simulation for 1 seastate was in the order of 10 min for most runs. In figure 4 the standard deviations of the LNG carrier horizontal motions of 9 hr simulated time traces are shown in Tp=9s, Hs=3m waves. An example for yaw in head seas is also shown below. The open circles show the results including directional interaction for the drift forces (quadruple summation). The x-marks show the results for directional seas, but without taking into account the drift force interaction between different wave directions (double summation). The dotted line shows the long crested results, which were generated using the main wave direction only.
These standard deviations show clearly that there is a considerable difference between the yaw response in long crested head seas (no response) and short crested seas. Although the response is small in this case, the response including directional interaction (open circles) is 2 to 4 times larger than without the directional interaction. The difference between the 2.5 and 1 deg step case is small. This shows that the use of a 2.5 deg step is still acceptable up to a spreading parameter of 1E3. Figure 6 shows the comparison of the 5 deg with a 1 deg step. Here the observed differences between the 5 deg and 1 deg step start to increase for a spreading parameter above 1E2. Furthermore, for a spreading parameter of 1E3 no differences are present between the case with and without directional interaction. Therefore it is recommended to use 5 deg steps only up to a spreading parameter of 1E2. For spreading parameters of 1E4 and higher the method cannot separate the various wave directions anymore for a directional step of 1 deg and all the wave energy is in one directional bin, resulting in the long crested case. For the present study the QTF were computed for minimum directional step of 1 deg. This is the practical limit of computing the QTF considering the involved computation times. However, one may interpolate the QTF to smaller directional steps without actually computing them for each direction. It is noted that care must be taken in the interpolation process because the directional P and Q matrices are highly oscillatory, which may cause cancellation effects if interpolated in a straightforward manner. The optimum interpolation method is still being investigated.
The effect of interaction terms to the surge wave motion in head seas is not well defined. However, for a spreading parameter of 1E2 and 1E3 some differences were observed. The effect of the directional interaction terms is the largest for sway and yaw. The sway and yaw motions that were simulated including interaction terms were clearly larger than without directional interaction for all cases. It is shown that the long crested assumption is not conservative for yaw and sway motions in head seas and for yaw in beam seas in a soft mooring system. A time domain approach to compute the wave drift forces using a more sophisticated approximation method in directional seas is presented in Pinkster [15] . A similar trend is found here for LNG carrier the motions in 13.1 s waves, see figure 5.
The effect of Water Depth to Motions
It is noted here that as the water depth becomes smaller, the set down becomes relatively larger and starts to dominate the wave drift forces. Therefore the effect of water depth is investigated in the results in figure 7 . The shallow water effects just start at 30 m water depth for the sway motions at this wave period of 9s. For the 15 m water depth the motions become much larger than in deep water. This graph also shows an increase in the differences between the case with (green o) and without (green x) directional interaction in shallow water when compared to deep water.
This trend is due to the effect of the directional set down, which is larger in shallow water and has a large directional spreading as shown in table 2 and eq5. It is likely that this causes the increase the yaw wave drift moment that explains the larger motions. Figure 8 shows the mooring configuration for the LNG carrier to an open jetty in 15 m water depth. The vessel is moored to the jetty using 16 mooring lines at a pretension of 150 kN each. For the analysis of the results the 9 hr time traces were separated in 3 parts of 3 hours duration. The time histories of the simulated line loads were analyzed with respect to their maxima. The probabilities of exceedance for the typical line loads are given in figure 9 to 11 for the head on, bow quartering and beam on case. The black dots give the results for long crested seas. The blue dots are for a directional sea with spreading values s=100, without taking into account the directional interaction terms (double summation, eq6). The red dots are for the simulated line forces including all directional interactions in the drift forces (quadruple summation, eq7). The trends in the results for head on ( fig. 9 ) and bow quartering waves ( fig. 10 ) are quite similar. The long crested approach provides the most conservative line forces in these cases. There is a considerable variation between the three 3 hour sections for the long crested case. It should be noted here that a factor 2 is observed between the loads in the spring lines between the long crested approach and the directional waves. This shows that a small wave spreading has a considerable effect on the line loads. The differences between the double and quadruple summation methods are small for these cases.
Numerical results for an LNG carrier moored to a jetty
For the 90 deg case the largest forces are found including wave directional spreading and interaction. This is probably related to the increased surge and yaw motions that were observed in figure 4 for the 90 deg wave direction due to the wave directionality.
Validation with deep water model tests
To check the validity of the approach the motions of another vessel in a bichromatic directional wave group were recorded in a model test in deep water. The tested wave group is a combination of 1 regular wave from the bow (180 deg, H2a=2.5m, Tp=9.5s) and 1 regular wave from bow quartering (135 deg, H2a=2.5m, Tp=9.5s) direction. The used model was moored in a horizontal soft spring mooring system, which allows the vessel to move freely at the wave fequencies, but restrains the vessel from drifting off. The mooring loads were measured at the bow and stern of the vessel and the motions were recorded for 6 degrees of freedom using an optical measurement system. Unfortunately no further details of the vessel itself can be given here. The wave drift forces on the vessel were computed using the quadruple summation (eq7) and the double summation method (eq6). Since the wave components were not measured separately in the basin the total wave amplitude was matched with the measured wave by equally distributing the wave energy over both waves. Prior to the simulation in waves the mooring stiffness was derived from the test result by plotting the mooring forces against the motions. A reasonable agreement between the computed motions (black) and the motions in the model (blue) test was found. The match between the results for the quadruple summation (MultiDir) was considerably better than for the double summation (NoMultiDir). This is because the double summation does not take into account the interaction between the two wave systems from different directions, resulting in no low frequency excitation for this special case. The differences for the method including directional interaction mainly occur for the phase of the surge and sway motions. The amplitude of the yaw and surge motions also deviate from the model test. At this point no definite explanation for these differences can be given. A possible reason that needs to be investigated is possible deviations of the calibrated wave heights of each separate wave system. Furthermore, in the computation of the wave forces it is assumed that the vessel remains in one location. In reality the vessel is moving which changes the phase of the wave forces. This phenomenon is also referred to as (time dependend) wave drift damping and can have an effect on the motions.
CONCLUSIONS & FURTHER WORK
Concluding remarks
The 4D-QTF were computed and time traces were generated to investigate the effect of interaction between wave directions to the motions of a soft moored LNG carrier. It may be concluded that the contribution of wave directionality on the vessel motions is considerable. The interaction terms result mainly to larger yaw motions and sometimes in larger sway motions. Differences in deeper water were also found, but in shallow water the wave directional interaction is the largest, especially for sway and yaw motions. The yaw motions were found to be the highest in simulations for beam seas including directional interaction. Conventional simulations are non conservative for this case since the line loads were dominated by the directional wave effects. In general the relatively large differences that were found for a small wave spreading of S=100 show that wave directionality can be an important factor in the operational limits of a jetty moored system in shallow water. It is noted here that these conclusions are valid for the cases that were investigated here. Other vessels, mooring configurations, water depths, or wave periods may results in different responses. However, the presented methods may be applied to assess the trends for a specific case.
Further work
Further work on the verification between the calculated QTF and Hydrostar is needed. Differences between the computed QTF in the present study and Hydrostar were small and are likely due to differences in used panel distributions in the input between the two programs. This should be confirmed in a final verification. Differences were also found when time domain results were compared to a model test in deep water. Further analysis on the model test data and simulation method is needed to improve this comparison. A similar comparison in shallow water should also be made. However, this is a difficult task due to spurious waves that are generally present in shallow water basins as described in [16] 
